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The (im) possibility of local distinguishability of orthogonal multipartite quantum states still re¬ 
mains an intriguing question. Beyond (8) C®, the problem remains unsolved even for maximally 
entangled states (MES). So far, the only known condition for the local distinguishability of states 
is the well-known orthogonality preservation (OP). Using an upper bound on the locally accessible 
information for bipartite states, we derive a very simple necessary condition for any set of pairwise 
orthogonal MES in (8) to be perfectly locally distinguishable. This condition is seen to be 
stronger than the OP condition. This is particularly so for any set of d number of pairwise or¬ 
thogonal MES in (8) When testing this condition for the local distinguishability of all sets of 
four generalized Bell states in (8) O'*, we find that it is not only necessary but also sufficient to 
determine their local distinguishability. This demonstrates that the aforementioned upper-bound 
may play a significant role in the general scenario of local distinguishability of bipartite states. 
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I. INTRODUCTION 

Various quantum information processing tasks are of¬ 
ten restricted by local operations and classical communi¬ 
cation (LOCC) protocols. Such LOCC protocols are nat¬ 
ural requirements when two or more physically separated 
parties have to accomplish a quantum information pro¬ 
cessing task. Local discrimination of pairwise orthogonal 
quantum states is one such task. This topic in quantum 
information theory has received considerable attention 
in recent years to understand more deeply the role of 
entanglement and non-locality in quantum information 
processing. 

When restricted to LOCC, two distant parties Alice 
and Bob generally cannot distinguish among bipartite 
states as efficiently as they can with global operations. 
This is also true when the states are pairwise orthog¬ 
onal. As is well-known, pairwise orthogonal states can 
be perfectly distinguished by global operations. Such a 
projective measurement is generally a global operation, 
and cannot be achieved through LOCC protocols. Hence 
generally, pairwise orthogonal bipartite states aren’t per¬ 
fectly distinguishable by LOCC. 

Walgate et al. m showed that by using LOCC only, 
any two pure orthogonal multipartite states can be per¬ 
fectly distinguished. The local indistinguishability of 
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pairwise orthogonal multipartite states is a signature of 
the non-locality expressed by these states. Since entan¬ 
glement is deeply connected with non-locality one would 
be well placed to assume that pairwise orthogonal prod¬ 
uct states would be perfectly distinguishable by LOCC. 
This assunmtion, however, is wrong, for instance, Ben¬ 
nett et al. showed that there exist a set of nine unen¬ 
tangled pure orthogonal states in O which cannot 
be perfectly distinguished by LOCC. Therefore, the local 
distinguishability problem is not so simple, particularly 
when the number of states is more than two. 

Fan 0 showed that when d is a prime number and I is a 
positive integer such that l{l—l) < 2d, then any I number 
of mutually orthogonal generalized Bell states in O 
(described in the teleportation paper of Bennet et al Q 
and defined in definition o of the present paper) are 
perfectly distinguishable by LOCC itself. The question 
of perfect local discrimination of pairwise orthogonal gen¬ 
eralized Bell states in ig) was later raised by Ghosh 
et al. 0 for general d. They showed that ii k > d, no set 
of k number of generalized Bell states in can be 

perfectly distinguished by LOCC. In the context of gen¬ 
eral maximally entangled states (MES) in 0 C^, it is 
known that no set oi k > d pairwise orthogonal MES in 
are perfectly distinguishable by LOCC Q. More- 
oever, as a general result, it has been shown in Q that 
any three pairwise orthogonal MES in O are per¬ 
fectly distinguishable by LOCC. Yu et al. [l2| provided 
the first example of a set of four pairwise orthogonal MES 
in O (of the form i I o) O (^ 0 , 1 * * * § ) O U/?! j)), 

where aa,(Jp S {I 2 , cr^, Uy, Uz}) which are not perfectly 
distinguisable by LOCC. In fact, they showed that these 
four states are not distinguisable when the POVMs are 
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restricted to PPT-POVM type, i.e., each effect of the 
POVM is PPT. PPT-POVMs are more general than 
LOCC. Imperfect distinguishability of these states was 
later discussed by Cosentino In 0, Nathanson 

gives an example of three pairwise orthogonal MES in 
® which are not perfectly distinguishable by one¬ 
way LOCC, but are so by two-way LOCC. 

In most of the aforementioned results, the sets of states 
exhibited a certain symmetry which was used to conclude 
whether the states were locally distinguishable or not. 
For general sets of orthogonal bipartite states, the only 
known condition for their local distinguishability is the 
existence of orthogonality preserving (OP) measurements 
on Alice’s and Bob’s sides. A measurement is OP if, 
for any measurement outcome, the corresponding post¬ 
measurement selected states remain pairwise orthogonal. 
The existence of OP measurements is a necessary (but 
not sufficient) condition for local distinguishability be¬ 
cause for the post-measurement selected states to remain 
distinguishable it is required that they be pairwise or¬ 
thogonal. 

Locally accessible information of a set of states is the 
amount of classical information one can retrieve from the 
states using LOCC. For any m quantum states to be lo¬ 
cally distinguishable, it is necessary that the locally ac¬ 
cessible information of these m states should be at least 
log 2 m bits. When performing a measurement on the 
states, it is possible that the locally accessible informa¬ 
tion of the post-measurement selected states decreases 
below log 2 m bits. In such a case, the states become lo¬ 
cally indistinguishable. Thus, the condition to maintain 
the locally accessible information to at least log 2 m bits, is 
a constraint on the measurements, just like OP is a con¬ 
straint on the measurements. In fact this condition is at 
least as strong as the OP condition because it subsumes 
the OP condition. 

In this paper we use the Holevo-like upper bound on 
locally accessible information [I| to give a necessary con¬ 
dition for the local distinguishability of MES. In the 
LOCC protocol for the local distinguishability of MES, 
when this upper bound (for the post-measurement se¬ 
lected states) becomes smaller than log 2 m bits, then 
said states are locally indistinguishable. To show that 
our necessary condition is indeed stronger than OP, we 
show that there exist some sets of four generalized Bell 
states in C'^OC"'’, for which the OP condition isn’t strong 
enough to conclusively determined the states’ local indis- 
tinguishability whereas our condition is strong enough to 
do so. We also analyze the local (in)distinguishability of 
all sets of four generalized Bell states in O C^. For 
this, we first partition ((j®) such distinct sets into 122 
equivalence classes, where all sets within an equivalence 
class are related to each other by a local unitary transfor¬ 
mation (see Appendix lAl for the details). We represent 
each equivalence class by a constituent set of (general¬ 
ized Bell) states. We then use our necessary condition 
to isolate those sets which fail the necessary condition 
test which means that these sets of states are locally in¬ 


distinguishable. Of the total 122, such sets are 39 in 
number. Surprisingly, we find that states in each of the 
remaining 83 sets are distinguishable by one-way LOCC. 
This shows that our condition is not only necessary but 
also sufficient to determine the local distinguishability of 
four generalized Bell states in O'* O C^. This signifies the 
role of the Holevo-like upper upper for locally accessible 
information in the context of local distinguishability of 
quantum states. 

The paper is divided into the following sections: in 
section [IT] we obtain the necessary condition for local dis¬ 
tinguishability, in section IIIII we provide an example of 
how to use the necessary condition. This also demon¬ 
strates that the OP condition is weaker than the neces¬ 
sary condition we derived in section im Also, after the 
example, we apply the necessary condition for the lo¬ 
cal distinguishability of all sets of four generalized Bell 
states in ® Section HVl concludes the paper with 
future directions. In Appendix El describe how to find 
out the 122 equivalence classes of sets of four generalized 
Bell states in O C"'^. In Appendix IBl we list the LOCC 
protocols used to distinguish sets of four generalized Bell 
states (in C^OC^), which satisfy the necessary condition. 


II. NECESSARY CONDITION FOR LOCAL 
DISTINGUISHABILITY OF ENSEMBLE OF 
MAXIMALLY ENTANGLED STATES 


Consider a set of m pairwise orthogonal MES 
I ■02), • • •) I l/'m) £ 0 Let Alice control one subsys¬ 

tem and Bob the other. Let = TrB{\'4’i){'il’i\) and 
= TrA{\4’i){4’i\) be the z-th reduced state on Al¬ 
ice’s subsystem and Bob’s subsystem respectively. Let 
Alice start the LOCC protocol with some measurement, 
whose Kraus operators are where n > 2 and 

Sr=i where 1 a is the identity operator act¬ 

ing on Alice’s subsystem. Let the measurement yield the 
Qf-th outcome. Thus the post-measurement state is given 
by 


I0i) 


|0i,c) = 


Ka 0 1b 


(ipi I KiKa 0 Is IV’i) 


( 1 ) 


for all 1 < i < TO, and where 1b is the idem 

tity operator acting on Bob’s subsystem. Let pl^J = 

TrB (I '0^.a)('0^.a I). and = TrA (| V’i.a)('0i,a I) be the 
post measurement reduced states (PMRS) on Alice’s and 
Bob’s sides respectively. Then the average PMRS on 
Alice’s and Bob’s sides are p\^"> = 

respectively, where the ^ factor 
denotes the probability which with each state appears in 
the ensemble. 


Lemma 1. If Alice starts the measurement protocol to 
distinguish m MES by LOCC, the post measurement re¬ 
duced states (PMRS) on her side are completely indistin¬ 
guishable. 
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Proof. Since {\'4’i)}^i are MES, the corresponding re¬ 
duced states on Alice’s subsystem are maximally mixed, 
i.e., = ^lyi- As a result of the measurement, the 

states on Alice’s subsystem transform as ^ 1a 


—oc AT^Arf, V 1 < i < m. This implies that 
(even) after the first measurement, the PMRS on Alice’s 
side are completely indistinguishable. □ 


For the post-measurement joint states {\'4’i,a)}'iLi to 
still be distinguishable, the indistinguishability of PMRS 
on Alice’s side imposes constraints on the average PMRS 
on Bob’s side. This is made clear in theorem [TJ 


where are local unitaries on Bob’s side, such 

that u[^\j)B = for j = l,2,---,d, where 

j = 1, 2, • • • , TO, and where ATJAT* are operators on Bob’s 
system, whose matrix elements with respect to the ONB 
{| i)B}j=i the same as the complex conjugate of ma¬ 
trix elements of Alice’s POVM effect Kf^Ka with respect 
to the ONB {|i)A}j=i. The average PMRS correspond¬ 
ing to the set on Bob’s side is thus given by 


P. 


(B) ^ 


^ 1 rr(B) 

^TO ^ Tr{KTK*) * ■ 


( 5 ) 


Theorem 1. If the PMRS on Alice’s side are completely 
indistinguishable, the von Neuman entropy of the average 
PMRS on Bob’s side has to be at least log 2 m bit for the 
states to be perfectly distinguishable by LOCC. 

Proof. The Holevo-like upper bound for the locally acces¬ 
sible information of the set of states {| ifi c)}™ i is given 

by 0 

< s + s 

( 2 ) 

Since, the post-measurement states | ifi^a) are all pure, 
we have the following: 

S = S , V 1 < i < TO. 

Also, that Alice’s PMRS are completely indistinguishable 
(Lemma [T]) implies that S = S V 1 < i < 

TO. This implies that < S (pi^^). Since we need 

to distinguish between to different states, we require that 
be at least log 2 m bits. Then the aforementioned 
inequality tells us that S'(pi^^) has to be at least log 2 m 
bits. □ 

With respect to the standard ONB {| j)A}^=i of Al¬ 
ice’s system, every MES | tfi) from the shared ensemble 
{| can be expressed as 


A) = 


( 3 ) 


where {\b^j^)B}'j=i is an ONB for Bob’s system for 
each i = 1, 2, • • • , to. 

The i-th PMRS on Bob’s side is then given by 


(B) 
Pl.C = 


1 


Tr 


(kIk^^ 


j,k=l 


= u. 


{B) 




Tr{KlKX) * 


( 4 ) 


We require that p[^^ satisfies theorem CD. This require¬ 
ment puts a constraint on Alice’s starting measurement. 

We already know one constraint on Alice’s starting 
measurement, i.e., it should be OP. Hence whenever 
i h 


{^l)^\Kl^Ka®l\i!j) =0. ( 6 ) 

It is easy to see that condition ([BD should be subsumed 
in the requirement that p^^^ should satisfy theorem CD- 
Consider the special case when m = d. 

Corollary 2. Ifm = din Theorem CD, then the average 
PMRS on Bob’s side has to he maximally mixed. 

Proof. When m = d, we require log 2 d bit of information 
to distinguish between d states. The maximal value that 
S{p^^^) can take is log 2 d and it can take this value only 
when p^^) is maximally mixed. □ 

Thus, reguiring that S{p^^^) be at least log 2 {d) bit im¬ 
plies that p^J^'> has to be a maximally mixed state, i.e., we 
require that 



KlKl (B)t ^ 1 
TriK^K*) * d 


( 7 ) 


The matrix equation CD is linear in the matrix ele¬ 
ments of ^ ^ TflATa, which are also the unknowns 


of the equation. Hence, we solve equation CD to 
obtain the solution space for the matrix elements of 

Tr[KfKa,) 

Note that before any measurement, for the 

states {| is log 2 d bits. The solution of condition 

CD provides us those K^^Ka, for which the of the 

post-measurement states {\4’i,a)}^i is also log 2 d bits. 
Hence, if the only solution of equation CD is that 


K^Ka oc 1 a, 


then that implies that any non-trivial measurement by 
Alice will decrease la^^^ of the post-measurement states 
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lower than log 2 d bits, which implies that the post¬ 
measurements states aren’t locally distinguishable any¬ 
more. Thus the necessary condition for local indistin- 
guishability is given as follows. 

R (Necessary Condition): If the solution of the 
condition 0 is that Kl^Ka oc 1 a, the states 
are indistinguishable by LOCC. If not, then the states 
may still be distinguishable by LOCC. 

III. PERFECT LOCAL DISTINGUISHABILITY 

OF FOUR GENERALIZED BELL STATES IN 

C^(g)C^ 

The necessary condition, R ([71) has to be tested for 
protocols initiated by both Alice and Bob, separately. 
Consider the case of generalized Bell states. 

Definition 1. Ceneralized Bell states are MBS in C) 
of the form 

1 d-l 

®dm)B, ( 8 ) 

j=0 

where n,m € {0,1, • • • , d — 1} and where {\j)A}'jZo 
an ONB for Alice’s subsystem and {| is an ONB 

for Bob’s subsystem. Here j (Bum = {j + m)mod d. 

Note that 'd Tl,n ,m,Ul € 

{0,1,--- ,d-l}. 

When d = 4, sets of four generalized Bell states 
can be partitioned into 122 distinct equivalence classes, 
where all sets in the same equivalence class differ from 
each other by action of a local unitary (see Appendix 
for details). Thus, if states in any one set in an equiv¬ 
alence class are locally (in) distinguishable, then so are 
the states of any other set in the same equivalence class. 
We tested the condition R d?]) on these 122 equivalence 
classes, and found that 39 of them fail the necessary con¬ 
dition, and are hence locally indistinguishable. An ex¬ 
plicit proof of one such a set is given in the following 
example [I] 

Example 1. The states \ \ \ \ are 

locally indistinguishable. 

Proof. In reference 0 (example 1, p 6), it has already 
been shown that the given set of states are indistinguish¬ 
able by one-way LOCC when only projective measure¬ 
ments are used in the LOCC protocol. Here we will gen¬ 
eralize the result for all possible LOCC protocols. Also, 
we show that the condition ([7|) is stronger than the OP 
condition dH]). 

Let Alice commense the protocol by applying a mea¬ 
surement, whose Kraus operators are {on her sub¬ 
system, and obtain the a-th outcome. We impose the 
conditions dSj) on K^^Ka. 

The orthogonality preserving condition dH]) is given by: 


(V’o? 1 

{KlK^ 0 1) = 0, 

(9a) 

('<Poo 1 

{KlK^ 0 1) = 0, 

(9b) 

1 

{KiK^ ® 1) = 0, 

(9c) 

1 

{KiK^ ® 1) = 0, 

(9d) 

1 

{KlK^ 0 1) = 0, 

(9e) 

{i’ti 1 

(At 0 1) = 0. 

(9f) 

Let the spectral decomposition of K^^Ka be given by 

K'lKa = \u){u 

-1- v){v + w){w + x)(x 

, (10) 

where (u|u) = {u\w) = {u\x) = {v\w) = (u|a:) = (ui|x) = 
0, but 1 u), \v), 1 w) and | x) aren’t normalized. 

Additionally, let’s u), u), ru) and x) have the fol¬ 
lowing expansions in the standard ONB. 


3 

|w) = '^u^\i), 

(11a) 


k) = '^Vi\i), 

2 = 0 

(11b) 


3 

\w) =J2wi\i), 

2 = 0 

(11c) 


3 

2 = 0 

(lid) 


Then equations (igal)-(l9f1) respectively become (using 
the definition dl])) 


{uiUq + VlVg + WlWo + XlXo) 

+i(U2U* + V2V1 + W2W1 + X2X1) 

-(U3U2 + V3V2 + W3W2 + X3X2) 

—i(uoU3 + V0V3 -I- WQW3 + X0X3) = 0, (12a) 

(uiUg + VlVg + WlWg + XlXg) 

—i(U2U* + V2V1 + W2W1 + X2X1) 

-(U3U2 + V3V2 + W3W2 + X3X2) 

+i{uoU3 + V0V3 + W0W3 + X0X3) = 0, (12b) 

(U2U0 -I- V2V0 -I- W2W0 + X2X0) 

—i(U3U* + V3V1 + W3W1 + X3X1) 

— (uqU2 + V0V2 + W0W2 + X0X2) 

+i{uiU3 + V1V3 + W1W3 + X1X3) = 0, (12c) 
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(mqWo + + WoWo + XqXo) 

— (UlU* + VlVi + WlWi + Xixl) 

+ (M2M2 + + W2WI + X22;2) 

-(M 3 M 3 + = 0 , ( 12 d) 


(<:* <:* t* t* 

Vsoi S 12 S23 S30; 



= 0 . 


(14f) 


{uiUq + VlVo + WlWo + XlXo) 

— (U2U* + V2V1 + W2W1 + X2xl) 

+ {U 3 U 2 + « 3«2 + W3W2 + X3X2) 

— (Molts + «o «3 + w'ow ’3 + * 02 : 3 ) = 0 , ( 12 e) 

(mimJ + ViVq + WlWo + XlXo) 

+ (m2Mi + V2vl + W 2 W 1 + X 2 X 1 ) 

+ (m 3 M 2 + V3V2 + W3W2 + X3X2) 

+{uoul + V0V3 + woWs + X0X3) = 0 . ( 12 f) 

Ex pand K^^Ka in the \i){j \ basis; then equations (lllal) - 
(llldp allow us to define 

^ij = (^kIKo^ = UiU* -\-ViV* +WiW* -\-XiX*, V 0 < i, j < 3 . 

( 13 ) 

Using equation m, equations (|12al) - (ll2f11 take a con¬ 
densed form. 


(^1 C 23 eio) / 1 

i 

-1 


= 0. (14a) 


\-U 


{Qi C 12 C 23 C 30 ) / 1 
—i 


-1 

i 


= 0. (14b) 


(^2 ^1*3 C 02 C 13 ) / 1 
—i 
-1 


= 0. (14c) 


(^00 ^11 C 22 C 33 ) / 1 

vl 


= 0. (14d) 


(^1 4*2 C 23 4o) / 

\-U 


= 0. (14e) 


Equations (|14aD , (I14bl) . (I14el) and (11411) collectively 
imply that 


(^oi,42,^23,4o) = 0. (15) 


Equation (Il4dl) implies that 


(CoOjCi1,?22,43) 

= ao(l, 1 , 1 , 1 ) + ai(l, 1 , - 1 , - 1 ) + 02 ( 1 , - 1 , - 1 , 1 ), 

(16) 


where oq, ai and 02 are real. This is because are 
diagonal matrix elements of Kl^Ka. 

Equation (Il4bl) implies that (C 02 , Ci3i 4o, C 31 ) has to be 
of the form 


(?02,43,?20,4l) 

= 60 ( 1 ,1,1,1) + 4(1,-1, -i) + 4(1, -1,1, -1). (17) 


Since Kl^Ka is hermitian, = ^*j. This implies that 
{bo - bi + 62 )* = bo + bi + b 2 (using i = 0 , j = 2 ) and 
{bo + ibi — 62 )* = bo — ibi — 62 (using i = 1, j = 3) and 
these imply that 5i = 0 and bo and 62 are real. 

Thus putting the constraints imposed by equations 
(fT5)l . (fT 6 )l and (fT^ . tells us that in the \i){j\ basis K^Ka 
is given by equation: 


KlKo. = 

/flo + Ol + 02 0 &0 + 62 0 

0 Mo -f Ol — M2 0 bo — b2 

60 + 4 0 ao — Ml — 02 0 

y 0 bo — b2 0 ao — ai +a2j 


(18) 


The eigensystem of Kl^Ka in equation dl) is given in 
the following table 
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Eigenvalue 

Eigenvector 

Au = fflo + Mo 

1 m) = iVu 

ffll -|- 02 -|- /lo) 
0 

bo + bi 

V 0 y 


( cos|\ 
0 

sin^ 

\ 0 / 


A„ = ao — jj,o 

1 

(ai + 02 — po\ 
0 

bo + bi 

V 0 y 

/ 

\ 

—sm|^ 
0 

cos| 


Xuj = ao + 

1 w) = Afu, 

/ (oi — 02) — /ri 
0 

60 — fei 

V 0 

\ 

/ 

1 cos|'' 
0 

sin^ 
\ 0 , 


Aa; = do + 

/ 

1 *) = W 

_V 

(oi — 02) — Ml\ 
0 

bo - bi 

_0_) 


f—sin^ 

0 

cos^ 

V 0 

\ 

/ 


TABLE I. Eigenvalues and Eigenvectors of K}^Ka. 


where /tq and are given by v(aa-l-a 2 )^ + (^>o+^' 2 ^ 
and \/(a 7 ^-a 2 )^'d- 7 ^o'^-'&^ and A^„, Ny, Nyj and 
are normalization factors. For K^^Ka to be a positive 
semidefinite operator it is necessary that oq > |/ro|, |^i|. 

I 


Using the table above, 


K'lKa = aol 


+ Mo 


+ Ml 


/cosC, 0 sin( 0\ 
0 0 0 0 | 
sin( 0 —cosC, 0 I 

V 0 0 0 0/ 

/O 0 0 0 \ 

0 COST] 0 sinrj | 

0 0 0 0 I 

\0 sinrj 0 —cosrjj 


(19) 


Imposing the OP condition (l6|) doesn’t give us any con¬ 
clusion about the local (in)distinguishability of the states 

I ' 0 TO )> I V’n^). I V’3i^)> I V’32^)> since the solution for K^Ka 
(equation (fT^ l is not a multiple of the identity, i.e., the 
measurement isn’t constrained to be trivial. Hence, at 
this point we do not know if the states are distinguish¬ 
able or not. 

We now obtain the post-measurement joint states 
I ' 4 ’^nm) using necessary condition ([6]) for OP. 

K^Ka enables us to determine Ka upto a left-unitary, 

i.e., Ka = U\JK^Ka, where C7 is a 4 x 4 unitary matrix. 
This unitary U is irrelevant because physically it implies 
Alice performing a unitary after her measurement and we 
know that such a unitary transformation on Alice’s side 
(or Bob’s side) doesn’t alter the local distinguishability 
of the set of states. Hence we can assume the 17 = I4. 
Using the above table of eigenvalues and eigenvectors, we 

get that Ka {= y KiKa] is given by 


Ka = 

vW+7^ fcos^l 0) -I- sin^l 2) 


cos^(0 I -I- sm^(2 


+ Vfflo “ Mo —0) -I- cosU 2) 


c, 


c, 


— sm^(0 I -I- cos^(2 


( 20 ) 


-t yao + pi (cos|| 1) -I- sin^l 3)j (cos|(l | + sm|(3|j 
-t Vfflo - Ml I 3)) 1 + cos|(3 1^ . 

Using equation poll we now give the Schmidt decomposition of the states | Uitoo}! iuiui),iui‘!L),i 

' (^cos^l 0)s -t sin^l 2 )b^ + ^ | k)a 0)s -f cos^\2 )b^ 


I V’iai) = ^^1+ ^ \x}a (^cos^I 1)s - sm^| 3 )s^ - ^ I'«)a l)s -t cos^| 3 )s^ 

+*^^1 + ^ I^)a (^-sm||0)s -t cos||2)s) ^ (cos|| 0)s -t sm|| 2)b) , 

^ ^ ^ I«}a 1)s + cos||3)s^ 

-*^^1 + ^ I ^)a (-sm|| 0)s -t cos|| 2)s) -t ^ | r)^! (cos|| 0)fl -t sm|| 2)b) , 


(21c) 
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= ^a/ 1 + p \ x)a ( -sm^|0)s +cos^|2)s ) - 


^0 


do 


c, 


c, 


1 - 


0.0 


c 


,-„c, 


k)a cos^I 0)s + 2) 


+ 4^1 + ^ I ^)a 1 )s - cos|| 3 )b) + ^ I r)A (cos|| l)s + sm|| 3}s) , 


(21d) 


where 

\x)a = (cos§|0)a +sm||2)A), 

I /«)a = (-sm§| 0 )a + cos|| 2 )a), 
I uj)a = (cos^l 1 )a + sm^l 3 )a), 

I t)a = (-sm|| 1)a + cosf I 3 )a) 


are vectors of an ONB on Alice’s subsystem. It is easy 
to check that the states |'i/’i!oo)i I I I are 

pairwise orthogonal. 

From equation mi it can be easily seen that the spec¬ 
tra of 

rra or , Pa,00i Pa.ll! Pa.ai: Pa,32^ Pa,00l Pa, 115 Pa, 31 : 

( D\ 

Pa ,32 are the same, and the common spectra is of the form 
i_™. i+iii l-iii I 

The equality of the spec- 


i+iifl. 
"SL 


4 ’ 4 ’ 4 ’ 4 

tra of the aforementioned states was earlier predicted 
by theorem O- The spectrum of is given by 

I I MO I I Ml Ml A 

—1^5 —1^5 —1^5 —(■ Substituting these quan¬ 
tities in the LHS of the inequality @ we get that 


< s (pi-x) 


= H 


1 I Mo 1 _ Mo 1 _|_ Ml 1 _ Ml 
2<2o 2(2o 2(20 2<2o 


( 22 ) 


where H 


1+^ 1-^ 1+^ 1-^ 


ao 


4 

1+^ 


ao 


4 ’ 

1-:^ 

2^0 


0 


4 

!+■ 


ao 


4 

2^0 


is the Shannon 


entropy for ^ 

Thus we see that unless p,o = pi = 0, H{j{l + ^), 
3(1 - & 3(1 + 3(1 - ^)) < 2 b^t. Thus” if 


J 


po 0 or 0, the locally accessible information of the 

set {\ilJa.oo),\ipa,ii),\ipa, 3 i),\'ipa, 32 )} IS lowBr than 2 bit, 

meaning that there is no LOCC protocol that Alice and 
Bob can use to perfectly distinguish between states in the 
set. On the other hand if po = Pi = 0, Alice’s POVM is 
a trivial one (see equation (ITO1) 1. Thus the states | tplm)’ 

IV’ 11 ^) 5 I V’at^) fail to satisfy the necessary con¬ 

dition, R. It is significant to note that the local indis- 
tinguishability of these states was established only after 
it was demanded that = 2 bit, in accordance 

with theorem O- Thus, this also shows that condition 
©5 which is equivalent to theorem when m = d, is 
stronger than the OP condition ([5]). 

This shows us that there is no LOCC protocol to per¬ 
fectly distinguish the states in the set, if Alice starts 
the protocol. Similarly it can be shown that there is 
no LOCC protocol to perfectly distinguish the states of 
the set, if Bob starts the protocol; the arguments to es¬ 
tablish this follow the same sequence of reasoning as the 
arguments above. 

□ 


In the following we list the sets of four generalized Bell 
states from 0 which fail the necessary condition, R 
in the same fashion as example [T] each set listed repre¬ 
sents an equivalence class of sets of four generalized Bell 
states which are local unitarily equivalent to it. These 
are 39 in number. 


TABLE II. Of the 39 sets of states which fail the necessary condition R, 25 sets are listed here. All of these sets contain the 
states I Tpoo) and | V’oi^): remaining states in each set are listed below. 




\4f)}, 

\4f}h 


Vg’)}, {IVg^>, 


\4f)}, {IVig>, 
vg^)}, {ivg'). 

\4f}}: {IVg'>5 


vg’}}, 

vg')}, 

vgM, 





























TABLE III. The remaining 14 sets, which fail the necessary condition R, contain the states | V’o?) I ^ 02 ^ )i remaining states 
in each set are listed below. 


{\i’if),\42)}, {\i’it^),\4f)}, {\4t^), \4f)}, {\4f),\4f)}, 

{i4?>, iv-lo’}}- {i4o^ 


The necessary condition R is satisfied by all sets in all re¬ 
maining 83 equivalence classes. That doesn’t mean that 
states in these sets should be perfectly locally distinguish¬ 
able. Therefore it comes as a surprise that states in each 
of the remaining 83 equivalence classes are indeed locally 
distinguishable, and that too by one-way LOCC using 
only projective measurements. In Appendix (jBj we list 
83 distinct representative sets for all of these equivalence 
classes and give the LOCC protocols to distinguish the 
states in each such set. Thus the necessary condition is 
also sufficient to establish the local (in)distinguishability 
of all sets of four generalized Bell states in O C"^. 


IV. CONCLUSION 

Based on an upper bound of locally accessible informa¬ 
tion, we formulated a very simple necessary condition for 
the perfect distinguishability of a set of MES by LOCC. 
This necessary condition is shown to be stronger than 
the well-known OP condition. This was illustrated in 
example [U where it was shown that the OP condition 
failed to conclude whether the corresponding states were 
locally distinguishable or not, whereas our condition suc¬ 
cessfully determined that the states were locally indistin¬ 
guishable. Also, we tested our necessary condition R for 
the local distinguishability on all sets of four generalized 
Bell states in 0 C^, and obtained those sets which fail 
the necessary condition R - these sets are given in tables 
HIland lTTTl Surprisingly, we discovered that all the remain¬ 
ing sets are perfectly distinguishable by one-way LOCC 
using only projective measurements - we explicitly ob¬ 
tained the LOCC protocol for perfect distinguishability 
for all of them (see Appendix |B]) . That there is no proto¬ 
col which involves two-way LOCC is interestingly similar 
to the result in 0 , where it was shown that two-way 
LOCC doesn’t play any distinguished role in the perfect 
distinguishability of a set of four ququad-ququad lattice 
states in O 

In ref a set of four ququad-ququad lattice states 
were shown to be indistinguishable by PPT preserving 
operations. It was recently shown that this is the only 
such set among the sets of ququad-ququad lattice states, 
which isn’t perfectly distinguishable by LOCC [la. We 
also tested our necessary condition R on the aforemen¬ 


tioned set of states and found that they do not satisfy the 
necessary condition. Thus, condition R is also sufficien to 
determine the local distinguishability for ququad-ququad 
lattice states. In fact, our condition is more general since 
the condition for the local distinguishability for ququad- 
ququad lattice states given in [ 1 ^ is particularly specific 
to ququad-ququad lattice states whereas our condition R 
applies generally to any set of pairwise orthogonal MES. 

It would be interesting to know if the same behaviour 
can be exhibited for d > 5 as well, i.e., if the upper 
bound on locally accessible information is the dividing 
line between sets of d generalized Bell states in 
which are perfectly distinguishable by LOCC and those 
sets which are not. Moreover, it is interesting to know in 
this context whether all those sets, which are perfectly 
distinguishable, are so by one-way LOCC involving pro¬ 
jective measurement. 

The condition R may turn out to be sufficient not 
just for generalized Bell states or ququad-ququad lattice 
states, but for some other specific classes of pairwise or¬ 
thogonal MES. It would be interesting to find out the 
existence of such a class of states. 
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Appendices 

A. FOR d = 4, THE NUMBER OF 
EQUIVALENCE CLASSES IS 122 

For any choice of n,m,l,k G Z 4 , note that there is a 
unique local unitary (upto a global phase) on Alice’s side 
Un-i,m-k such that 
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where 

Unm = ^ \j ©4 m){j\. 

ieZ4 

Hence, the sets {| V’itmi), I \ I V'^IW)} 

and {IV’S^), lW4‘l4)} are unitarily 

equivalent if and only if there is a permutation cr G S'4 
such that rii — la(i) and rrii — are invariant over 

t G Z4. This condition can then be used to write a simple 
computer program to obtain the number of equivalence 
classes, in which sets of states in the same class are equiv¬ 
alent upto a local unitary, and sets of states belonging to 
different classes aren’t. Using such a computer program, 
we found that such distinct sets can be partitioned 
into 122 equivalence classes. 


B. LOCC PROTOCOLS FOR VARIOUS SETS 
OF GENERALIZED BELL STATES 

Among the 122 equivalence classes of sets of 4 gener¬ 
alized Bell states, we here give a list of 83 equivalence 
classes which satisfy the condition R. Each equivalence 
class is represented by a set of four generalized Bell states 
which is contained in it. While satisfying the condition R 
doesn’t necessarily imply that any of these sets of gener¬ 
alized Bell states should be perfectly locally distinguish¬ 
able, surprisingly, we find that that is indeed the case, 
and that too by one-way LOCC using only projective 
measurements. Along with each set of states we also give 
the one-way LOCC protocol for their perfect local distin- 
guishability. 

Theorem 3. Any set of four generalized Bell states in 
© C'^ of the form {| | ), | \ where 

a,b,c,d G {0,1,2,3}, can be discriminated by one-way 
LOCC using only projective measurements. Similarly, 
any set of four generalized bell states in which is 

of the form {| | \ V> 2 ?), | where a, b,c,de 

{0,1, 2,3}, can he discriminated by one-way LOCC using 
only projective measurements. 

Proof. Consider hrst the set {| V’fo'), | tplf), \ \ 

Alice starts with a rank-one projective measurement in 
the following orthonormal basis: 

|mo)= | 0 ), |ui)= | 1 ), |m 2 )= | 2 ), |u 3 )= 13 ). 

For the fc-th outcome of Alice’s measurement, the post 
measurement set of joint states will be of the following 
form: 

—:>{! k)\ k), I fc)| A: ©4 1 ), I A:)| fc ©4 2 ), | fc)| A: ©4 3)}. 

Thus, once Alice tells Bob her measurement’s outcome, 
he needs to perform measurement in the {|j)}j=o basis 
to perfectly distinguish between the states in the set. 


Next, consider a set of states of the form {|V’oa^)j 

I I '02c^)) I V’m )}• Alice starts by performing a rank- 
one projective measurement corresponding to the follow¬ 
ing orthonormal basis: 

l«o) = iE?=oli), l«i) = l«2) = 

iE,Lo(-i)'li)-1«3)= iE.Ue^li)- 

For the A;-th outcome of Alice’s measurement, the post 
measurement set of joint states will be of the following 
form: 


{| Uk)\vk), I Uk)\vk(B^i), I Uk)\vk(Bi2), I Ufe)! Ufee^a)}, 


where 
l«o) = 
ki) = 
k 2 ) = 


1 

2 

2 2^7 = 


J 


0 ' 


2 ^4 

ks) = 5 ELu“ 

Thus, once Alice tells Bob her measurement’s outcome, 
he needs to perform measurement in the {| basis 

to perfectly distinguish between the states in the set. □ 


0 ' 


(404fc)ij-7i 


(ie4fe)^3'^ 


(2©4fc)ij7 


(3©4fc)ij7i 


\j), 

\j), 

\j), 

\j)- 


Theorem 4 . States in each set in the following two ta¬ 
bles are perfectly distinguishable by one-way LOCC using 
only projective measurement: 

Each of the following 10 sets contains the states 
I iPqq) and I remaining states are listed below. 

\4f)}, 

I 4?)}, I 4?)}, 1^2^, 


Each of the following 4 sets contains the states 
I V’o?) I V’ 02 ^)/ remaining states are listed below. 

1 42 ’}}, \4f)}, {l4o’), 


Proof. Alice performs a rank-one projective measurement 
in the following orthonormal basis: 

Ui) = i(-Cf|0) + |l)+Cf|2) + |3)), 

\u2) = ^{C^\0) + \1)-C^\2) + \3)), 

U3) = i(e*^|0)-|l)+CT|2) + |3)), 

|«4) = -i(e^^|0)-|l)-C^|2) + |3)). 

For each measurement outcome, Bob’s PMRS are or¬ 
thogonal and hence, distinguishable. 

□ 

Theorem 5 . The following sets are distinguishable by 
one-way LOCC using only projective measurement: 





10 


1 Eaeh of the following 8 sets contains the state I 

1 V' 

QQ the rest are given in 

the table. 

{| V’m }> 

1 

li’if)}, 

1 V’m }, 


{| V’m )> 

1 V'm ), 


1 V’n ), 





1 V’m ), 

i4o’)}, 

{| V’to ); 

1 V'n ), 



i4?)} 


Proof. Alice performs a rank-one projective measurement 


in the following orthonormal basis: 

1 wi) = 


\U2) = 


Us) = 

;^H|1) + |3)), 

\U4) = 

;^(*| 1 ) + |3)). 


For each measurement outcome, Bob’s PMRS are 
found to be orthogonal and hence can be distin¬ 
guished. □ 

Theorem 6 . The following sets are distinguishable by 
one-way LOCC using only projective measurement: 


1 Eaeh of the following 8 sets contains the state I 

1 V' 

QQ )j the rest are given in 

the table. 

{| V’m )> 

1 V'm ), 


1 V’m ), 

i4o’)}- 

{| V’oiY 

1 V'n ), 


1 


{| V’m )> 

1 V'm); 


1 V’ 21 ^), 


{| V’to ), 

1 V'm ), 


1 V’ 21 ^}, 



Proof. Alice performs a rank-one projective measurement 
in the following orthonormal basis: 

|wi) = i(-e^T|0) + |l) + e*^|2) + |3)), 

|M2) = i(e^^|0) + |l)-e*T|2) + |3)), 

I ms) = i (^e*T|0)-|l)-te*T|2)-t|3)), | M 4 ) = 

1 (_e^f|0)-|l)-e^f|2) + |3)). 

For each measurement outcome, Bob’s PMRS are found to 
be orthogonal and hence can be distinguished. 


Theorem 7. The following sets are distinguishable by 
one-way LOCC using only projective measurement: 


Each of the following 10 sets contains the state 
I f’m) given in the table. 


{| V’m )> 
{| V’m ); 
{| V’m ); 
{| V’m )> 
{| V’m )> 


V'm }, 
V'n’), 

V'S'), 


4f)}, {l 

{l 

4f}}, {l 

4^}}, {l 

V'm )}, {l i’of)’ 



4?)}- 
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